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Abstract
Braided m-Lie algebras induced by multiplication are introduced, which gener-
alize Lie algebras, Lie color algebras and quantum Lie algebras. The necessary and
sufficient conditions for the braided m-Lie algebras to be strict Jacobi braided Lie
algebras are given. Two classes of braided m-Lie algebras are given, which are gen-
eralized matrix braided m-Lie algebras and braided m-Lie subalgebras of EndFM ,
whereM is a Yetter-Drinfeld module over B with dim B <∞ . In particular, gener-
alized classical braided m-Lie algebras slq,f (GMG(A), F ) and ospq,t(GMG(A),M,F )
of generalized matrix algebra GMG(A) are constructed and their connection with
special generalized matrix Lie superalgebra sls,f (GMZ2(A
s), F ) and orthosymplectic
generalized matrix Lie super algebra osps,t(GMZ2(A
s),M s, F ) are established. The
relationship between representations of braided m-Lie algebras and their associated
algebras are established.
0 Introduction
The theory of Lie superalgebras has been developed systematically, which includes the
representation theory and classifications of simple Lie superalgebras and their varieties [8]
[4]. In many physical applications or in pure mathematical interest, one has to consider
not only Z2- or Z- grading but also G-grading of Lie algebras, where G is an abelian
group equipped with a skew symmetric bilinear form given by a 2-cocycle. Lie algebras
in symmetric and more general categories were discussed in [7] and [6]. A sophisticated
multilinear version of the Lie bracket was considered in [9] [12]. Various generalized
Lie algebras have already appeared under different names, e.g. Lie color algebras, ǫ Lie
1
algebras [13], quantum and braided Lie algebras, generalized Lie algebras [2] and H-Lie
algebras [3].
In [10], Majid introduced braided Lie algebras from geometrical point of view, which
have attracted attention in mathematics and mathematical physics (see e.g. [11] and
references therein).
In this paper we introduce braided m-Lie algebras and (strict) Jacobi braided Lie al-
gebras from the algebraic point of view, rather than geometrical view point as in [10].
Our braided m-Lie algebras are different from the braided Lie algebras defined by Majid
[10]. This is verified by giving an example of braided m-Lie algebras which is neither
a braided Lie algebra (in the sense of Majid) nor an Jacobi braided Lie algebra. We
give the necessary and sufficient conditions for the braided m-Lie algebras to be strict
Jacobi braided Lie algebras. In section 2 we give G-gradings of generalized matrix al-
gebras and construct braided m-Lie algebras corresponding to such algebras, which are
called generalized matrix braided m-Lie algebras. This leads to the braided m-Lie algebra
construction on path algebras, full matrix algebras and simple algebras. We construct
generalized classical braided m-Lie algebras of generalized matrix algebras. In particu-
lar, special generalized matrix Lie color algebra slq,f(GMG(A), F ) and ortho-symplectic
generalized matrix Lie color algebra ospq,t(GMG(A),M, F ) are related to the correspond-
ing Lie superalgebras. In Section 3 we give another class of braided m-Lie algebras, i.e.
braided m-Lie subalgebras of (EndFM)
−. We show that representations of an algebra A
associated to a braided m-Lie algebra L are also representations of L. Furthermore, we
show that if (M,ψ) is a faithful representation of L, then representations of EndFM are
also ones of L.
Throughout, F is a field, G is an additive group and r is a bicharacter of G; |x| denotes
the degree of x and (C, C) is a braided tensor category with braiding C. We write W ⊗ f
for idW ⊗ f and f ⊗W for f ⊗ idW . Algebras discussed here may not have unity element.
1 Braided m-Lie Algebras
In this section we introduce braided m-Lie algebras and (strict) Jacobi braided Lie alge-
bras. We give the necessary and sufficient conditions for the braided m-Lie algebras to be
strict Jacobi braided Lie algebras.
Definition 1.1 Let (L, [ ]) be an object in the braided tensor category (C, C) with
morphism [ ] : L⊗L→ L. If there exists an algebra (A,m) in (C, C) and monomorphism
φ : L → A such that φ[ ] = m(φ ⊗ φ) −m(φ ⊗ φ)CL,L, then (L, [ ]) is called a braided
m-Lie algebra in (C, C) induced by multiplication of A through φ. Algebra (A,m) is called
an algebra associated to (L, [ ]).
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A Lie algebra is a braided m-Lie algebra in the category of ordinary vector spaces, a Lie
color algebra is a braided m-Lie algebra in symmetric braided tensor category (MFG, Cr)
since the canonical map σ : L→ U(L) is injective (see [13, Proposition 4.1]), a quantum
Lie algebra is a braided m-Lie algebra in the Yetter-Drinfeld category (BBYD, C) by [5,
Definition 2.1 and Lemma 2.2]), and a “good” braided Lie algebra is a braided m-Lie
algebra in the Yetter-Drinfeld category (BBYD, C) by [5, Definition 3.6 and Lemma 3.7]).
For a cotriangular Hopf algebra (H, r), the (H, r)-Lie algebra defined in [3, 4.1] is a
braided m-Lie algebra in the braided tensor category (HM, Cr). Therefore, the braided
m-Lie algebras generalize most known generalized Lie algebras.
For an algebra (A,m) in (C, C), obviously L = A is a braided m-Lie algebra under
operation [ ] = m − mCL,L, which is induced by A through idA. This braided m-Lie
algebra is written as A−.
If V is an object in C and CV,V = C
−1
V,V , then we say that the braiding is symmetric
on V .
Example 1.2 If H is a braided Hopf algebra in the Yetter-Drinfeld module category
(BBYD, C) with B = FG and C(x ⊗ y) = r(|y|, |x |)y ⊗ x for any homogeneous elements
x, y ∈ H, then P (H) =: {x ∈ H | x is a primitive element } is a braided m-Lie algebra
iff the braiding C is symmetric on P (H).
Indeed, it is easy to check that P (H) is the Yetter-Drinfeld module. By simple com-
putation we have ∆([x, y]) = [x, y] ⊗ 1 + 1 ⊗ [x, y] + (1 − r(|x|, |y|)r(|y|, |x |))x ⊗ y for
any homogeneous elements x, y ∈ P (H). Thus [x, y] ∈ P (H) iff r(|x|, |y|)r(|y|, |x|) = 1,
as asserted.
Theorem 1.3 Let (L, [ ]) be a braided m-Lie algebra in (C, C).
(i) (L, [ ]) satisfies the braided anti-symmetry (or quantum anti-symmetry):
(BAS): [ ] = −[ ]CL,L
if and only if mCL,L = mC
−1
L,L.
(ii) If the braided anti-symmetry holds, then braided m-Lie algebra (L, [ ], m) satisfies
the (left) braided primitive Jacobi identity:
(BJ): [ ](L⊗[ ])+[ ](L⊗[ ])(L⊗C−1L,L)(CL,L⊗L)+[ ](L⊗[ ])(C
−1
L,L⊗L)(L⊗CL,L)) = 0,
and the right braided primitive Jacobi identity:
(BJI’): [ ]([ ] ⊗ L) + [ ]([ ] ⊗ L)(L ⊗ CL,L
−1)(CL,L ⊗ L) + [ ]([ ] ⊗ L)(CL,L
−1 ⊗
L)(L⊗ CL,L)) = 0.
Proof . (i) Assume that (L, [ ]) satisfies the braided anti-symmetry. Since [ ] = −[ ]C
we have m−mC = mCC−mC andm = mCC, which impliesmC = mC−1. The necessity
is clear.
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(ii)
l.h.s. of (BJI) = m(L⊗m)−m(L⊗m)(L⊗ C)
−mC(L⊗m) +mC(L⊗m)(L⊗ C)
+m(L⊗m)(L⊗ C−1)(C ⊗ L)
+m(L⊗m)(L⊗ C)(L⊗ C−1)(C ⊗ L)
−mC(L⊗m)(L⊗ C−1)(C ⊗ L)
+mC(L⊗m)(L⊗ C)(L⊗ C−1)(C ⊗ L)
+m(L⊗m)(C−1 ⊗ L)(L⊗ C)
−m(L⊗m)(L⊗ C)(C−1 ⊗ L)(L⊗ C)
−mC(L⊗m)(C−1 ⊗ L)(L⊗ C)
+mC(L⊗m)(L⊗ C)(C−1 ⊗ L)(L⊗ C).
We first check that −(6th term) = 12th term and 4th term = −(10th term). Indeed,
12th term = mC−1(L⊗m)(L⊗ C−1)(C−1 ⊗ L)(L⊗ C)
= m(m⊗ L)(L⊗ C−1)(C−1 ⊗ L)(L⊗ C−1)(C−1 ⊗ L)(L⊗ C)
= m(L⊗m)(L⊗ C)(C−1 ⊗ L)(L⊗ C−1)(C−1 ⊗ L)(L⊗ C)
= m(L⊗m)(C−1 ⊗ L)(L⊗ C−1)(C ⊗ L)(C−1 ⊗ L)(L⊗ C)
= −(6th term ).
4th term = m(m⊗ L)(C−1 ⊗ L)(L⊗ C−1)(C−1 ⊗ L)
= m(L⊗m)(L⊗ C−1)(C−1 ⊗ L)(L⊗ C)
= −(10th term ).
We can similarly show that 1st term = − (11th term), −(2nd term) = 8th term, − (3rd
term) = 5th term, −(7th term) = 9th term. Consequently, (BJI) holds. We can similarly
show that (BJI)′ holds. ✷
Readers can prove the above with the help of braiding diagrams.
Definition 1.4 Let [ ] be a morphism from L ⊗ L to L in C. If (BJI) holds, then
(L, [ ]) is called a (left ) Jacobi braided Lie algebra. If both of (BAS) and (BJI) hold then
(L, [ ]) is called a (left ) strict Jacobi braided Lie algebra.
Dually, we can define right Jacobi braided Lie algebras and right strict Jacobi braided Lie
algebras. Left (strict) Jacobi braided Lie algebras are called (strict) Jacobi braided Lie
algebras in general.
By Theorem 1.3 we have
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Corollary 1.5 If (L, [ ]) is a braided m-Lie algebra, then the following conditions are
equivalent:
(i) (L, [ ]) is a left (right) strict Jacobi braided Lie algebra.
(ii) mCL,L = mC
−1
L,L.
(iii) [ ]CL,L = [ ]C
−1
L,L.
Furthermore, if L is a space graded by G with bicharacter r, then the braided primitive
Jacobi identity (BJI) becomes:
r(| c |, | a |)[a, [b, c]] + r(| b |, | a |)[b, [c, a]] + r(| c |, | b |)[c, [a, b]] = 0 (∗)
for any homogeneous elements a, b, c ∈ L. That is, L is a Jacobi braided Lie algebra if
and only if (*) holds. For convenience, we let J(a, b, c) denote the left hand side of (∗).
We now recall the (left ) braided Lie algebra defined by Majid [10, Definition 4.1]. A
(left) braided Lie algebra in C is a coalgebra (L,∆, ǫ) in C, equipped with a morphism
[ ] : L⊗ L→ L satisfying the axioms:
(L1) ([ ])(L⊗ [ ]) = [ ]([ ]⊗ [ ])(L⊗ C ⊗ L)(∆⊗ L⊗ L)
(L2) C([ ]⊗ L)(L⊗ C)(∆⊗ L) = (L⊗ [ ])(∆⊗ L)
(L3) [ ] is a coalgebra morphism in (C, C).
Axiom (L1) is called the left braided Jacobi identity.
There exist braided m-Lie algebras which are neither braided Lie algebras nor Jacobi
braided Lie algebras as is seen from the following example.
Example 1.6 (see [11] ) Let L = F{x}/ < xn > be an algebra in (FZnM, Cr) with
a primitive nth root q of 1 and r(k,m) = qkm for any k,m ∈ Zn, where n is a natural
number.
(i) If n > 3, then (L, [ ]) is a braided m-Lie algebra but is neither a Jacobi braided
Lie algebra nor a braided Lie algebra of Majid.
(ii) If n = 3, then (L, [ ]) is a braided m-Lie algebra and a Jacobi braided Lie algebra
but is neither a strict Jacobi braided Lie algebra nor a braided Lie algebra of Majid.
Proof. (i) Since J(x, x, x) = 3qx3(1 − q − q2 + q3) 6= 0 we have that (L, [ ]) is not a
Jacobi braided Lie algebra. If (L, [ ],∆, ǫ) is a braided Lie algebra, since [ ] is a coalgebra
homomorphism, we have that
[1 1] = 0, implying ǫ(1) = 0
[ x, x ] = x2(1− q), implying ǫ(x2)(1− q) = ǫ(x)2
[x, x2] = x3(1− q2), implying ǫ(x3)(1− q2) = ǫ(x)ǫ(x2)
· · ·
[x, xn−1] = xn(1− qn−1), implying 0 = ǫ(xn)(1− qn−1) = ǫ(x)ǫ(xn−1).
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Thus ǫ(xm) = 0 for m = 0, 1, 2, · · · , n − 1, which contradicts the fact that (L,∆, ǫ) is a
coalgebra.
(ii) Since J(xk, xl, xm) = 0 for any k, l,m ∈ Z3, we have that (L, [ ]) is a Jacobi
braided Lie algebra. It follows from [x, x] = x2(1 − q) 6= −q[x, x] that (L, [ ]) is not a
strict Jacobi braided Lie algebra. ✷
Note that L in the above example may never be a braided Lie algebra in the vector
space category FM with the ordinary flip τ (i.e. τ(x⊗ y) = y ⊗ x) as braiding, although
an extension of L may become a braided Lie algebra in FM. Furthermore, for the algebra
L = F{x} in (FZM, Cr) with q2 6= 1 and r(k,m) = qkm for any k,m ∈ Z, the above
conclusion holds.
Definition 1.7 Let (L, [ ]) be a braided m-Lie algebra in (C, C). If M is an object and
there exists a morphism α : L⊗M →M such that α([ ]⊗M) = α(L⊗α)−α(L⊗α)(C⊗M),
then (M,α) is called an L-module.
2 Generalized Matrix Braided m-Lie Algebras
As examples of the braided m-Lie algebras, we introduce the concepts of generalized
matrix algebras (see [14]) and generalized matrix braided m-Lie algebras. We construct
generalized classical braided m-Lie algebras slq,f(GMG(A), F ) and ospq,t(GMG(A),M, F )
of generalized matrix algebra GMG(A). We show how generalized matrix Lie color alge-
bras are related to Lie superalgebras for any abelian group G. That is, we establish the
relationship between generalized matrix Lie color algebras and Lie superalgebras.
Let I be a set. For any i, j, l, k ∈ I, we choose a vector space Aij over field F and an
F -linear map µijl from Aij⊗Ajl into Ail (written µijl(x, y) = xy) such that x(yz) = (xy)z
for any x ∈ Aij , y ∈ Ajl, z ∈ Alk. Let A be the external direct sum of {Aij | i, j ∈ I}.
We define the multiplication in A as
xy = {
∑
k
xikykj}
for any x = {xij}, y = {yij} ∈ A . It is easy to check that A is an algebra (possibly with-
out unit ). We call A a generalized matrix algebra, or a gm algebra in short, written as
A =
∑
{Aij | i, j ∈ I} or GMI(A). Every element in A is called a generalized matrix. We
can easily define gm ideals and gm subalgebras. It is easy to define upper triangular gen-
eralized matrices, strictly upper triangular generalized matrices and diagonal generalized
matrices under some total order ≺ of I.
Proposition 2.1 Let A =
∑
{Aij | i, j ∈ I} be a gm algebra and G an abelian group
with G = I. Then A is an algebra graded by G with Ag =
∑
i=j+g Aij for any g ∈ G. In
this case, the gradation is called a generalized matrix gradation, or gm gradation in short.
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Proof. For any g, h ∈ G, see that
AgAh = (
∑
i=j+g
Aij)(
∑
s=t+h
Ast)
⊆
∑
i=t+h+g
Ai,t+hAt+h,t
⊆ Ag+h.
Thus A =
∑
{Aij | i, j ∈ I} =
∑
g∈GAg is a G-graded algebra. ✷
If C is a small preadditive category and Aij = HomC(j, i) is a vector space over F
for any i, j ∈ I = objects in C, then we may easily show that
∑
{Aij |i, j ∈ I} is a
generalized matrix algebra. Furthermore, if V = ⊕g∈GVg is a graded vector space over
field F with Agh = HomF (Vh, Vg) for any g, h ∈ G, then we call braided m-Lie algebra
A =
∑
{Aij | i, j ∈ G} the general linear braided m-Lie algebra, written as gl({Vg}, F ). If
dim Vg = ng < ∞ for any g ∈ G, then gl({Vg}, F ) is written as gl({ng}, F ). Its braided
m-Lie subalgebras are called linear braided m-Lie algebras. In fact, gl({ng}, F ) = {f ∈
EndFV | kerf is finite codimensional }. When G is finite, we may view gl({ng}, F ) as a
block matrix algebra over F. When G = 0, we denote gl({ng}, F ) by gl(n, F ), which is
the ordinary ungraded general linear Lie algebra.
Assume that D is a directed graph (D is possibly an infinite directed graph and also
possibly not a simple graph ). Let I denote the vertex set of D, xij an arrow from i to j
and x = (xi1i2, xi2i3 , · · · , xin−1in) a path from i1 to in via arrows xi1i2 , xi2i3 , · · · , xin−1in . For
two paths x = (xi1i2 , xi2i3 , · · · , xin−1in) and y = (yj1j2, yj2j3 , · · · , yjm−1jm) of D with in = j1,
we define the multiplication of x and y as
xy = (xi1i2 , xi2i3 , · · · , xin−1in , yj1j2 , yj2j3, · · · , yjm−1jm).
Let Aij denote the vector space over field F with basis being all paths from i to j, where
i, j ∈ I. Notice that we view every vertex i of D as a path from i to i, written eii
and eiixij = xijejj = xij . We can naturally define a linear map from Aij ⊗ Ajk to Aik as
x⊗y = xy for any two pathes x ∈ Aij , y ∈ Ajk. We may easily show that
∑
{Aij | i, j ∈ I}
is a generalized matrix algebra, which is called a path algebra, written as A(D) (see, [1,
Chapter 3]).
Example 2.2 There are finite-dimensional braided m-Lie algebras in braided tensor
category (FZ3M, Cr) with a primitive 3th root q of 1 and r(k,m) = qkm for any k,m ∈ Z3.
Indeed, for any natural number n, we can construct a generalized matrix braided m-Lie
algebra A =
∑
{Aij | i, j ∈ Z3} such that dim A = n.
(i) Let Aij = 0 when i 6= j but A11 = F . Thus dim A = 1.
(ii) Let Aij = 0 when i 6= j but A11 = A22 = F . Thus dim A = 2.
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(iii) Let Aij = 0 when i 6= j but A11 = A22 = A33 = F . Thus dim A = 3.
(iv) Let D be a directed graph with vertex set Z3 and only one arrow from 1 to 2. Set
A = A(D). It is clear dim(Aij) = 0 when i 6= j but dim(A11) = dim(A22) = dim(A33) =
dim(A12) = 1. Thus dim A = 4.
(v) Let D be a directed graph with vertex set Z3 and only two arrows: one from 1 to
2 and other one from 1 to 3. Set A = A(D). It is clear dim(Aij) = 0 but dim(A11) =
dim(A22) = dim(A33) = dim(A12) = dim(A13) = 1 Thus dim A = 5.
vi) Let D be a directed graph with vertex set Z3 and only n+ 2 arrows: one from 1 to
2, one from 2 to 3 and the others from 1 to 3. Set A = A(D). It is clear dim(Aij) = 0 but
dim(A11) = dim(A22) = dim(A33) = dim(A12) = dim(A23) = 1 and dim(A13) = n + 1.
Thus dim A = n+ 6 for n = 0, 1, · · ·.
Let A be a braided m-Lie algebra, G be an abelian group with a bicharacter r and W
be a vector space over F .
Definition 2.3 If f is an F -linear map from GMG(A) to W and satisfies the following
(i) f(a) =
∑
g∈G r(g, g)f(agg)
(ii) f(aijbji) = f(bjiaij) for any a, b ∈ A and i, j ∈ G, then f is called a generalized
quantum trace function from gm algebra GMG(A) to W , written trq,f .
Set
slq,f(GMG(A), F ) = {a ∈ GMG(A) | trq,f(a) = 0}.
By computation,
trq,f [a, b] = r(u, u)
−1r(g, g)
∑
g∈G
(1− r(u, u)2r(u, g)r(g, u))trq,f(bg,g+uag+u,g)
for any homogeneous elements a, b ∈ A, u ∈ G. Thus we get
Lemma 2.4 slq,f(GMG(A), F ) is a braided m-Lie algebra with [A,A] ⊆ slq,f(GMG(A), F )
iff
∑
g∈G
(1− r(u, u)2r(u, g)r(g, u))trq,f(bg,g+uag+u,g) = 0
for any homogeneous elements a, b ∈ A, u ∈ G with |a|= u and |b|= −u. If, in addition,
trq,f(AijAji) 6= 0 for any i, j ∈ G, then slq,f(GMG(A), F ) is a braided m-Lie algebra with
[A,A] ⊆ slq,f(GMG(A), F ) iff r is a skew symmetric bicharacter.
If f(agg) = agg for any g ∈ G, then from definition 2.3 f is a generalized quantum
trace from GMG(A) to GMG(A). If GMG(A) = Mn(F ) is the full matrix algebra over F
with G = Zn, r(i, j) = 1 and f(agg) = agg for any i, j, g ∈ Zn, then f is the ordinary
trace function. If GMG(A) = gl({ng}, F ) and f(agg) = tr(agg) (i.e. f(agg) is the ordinary
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trace of the matrix agg ) for any g ∈ G, then f is the quantum trace of the graded matrix
algebra gl({ng}, F ). In this case, slq,f(gl({ng}, F )) is simply written as slq({ng}, F ).
Let G be an abelian group with a bicharacter r . If t is an F -linear map from
GMG(A) to GMG(A) such that t(Aij) ⊆ Aji, (t(a))ij = t(aji) and t(ab) = t(b)t(a) for
any i, j ∈ G, a, b ∈ GMG(A), then t is called a generalized transpose on GMG(A). Given
0 6= M ∈ GMG(A), for any u ∈ G, let ospq,t(GMG(A),M, F )u = {a ∈ GMG(A)u |
t(au+g,g)Mu+g,h = −r(g, u)Mg,u+hau+h,h for any g, h ∈ G} and ospq,t(GMG(A),M, F ) =
⊕u∈Gosp(GMG(A),M, F )u.
Lemma 2.5 ospq,t(GMG(A),M, F ) is a braided m-Lie algebra iff
∑
g∈G
(1− r(u, v)r(v, u))Mg,h+u+vah+u+v,v+hbv+h,h = 0
for any homogeneous elements a, b ∈ A, u, v ∈ G with |a|= u and |b|= v. If, in addition,
for any i, j, k ∈ G, aij 6= 0 implies aijAjk 6= 0, then ospq,t(GMG(A),M, F )) is a braided
m-Lie algebra iff r is a skew symmetric bicharacter.
Proof. Obviously, ospq,t(GMG(A),M, F )u is a subspace. It remains to check that
ospq,t(GMG(A),M, F ) is closed under bracket operation. For any a ∈ ospq,t(GMG(A),M, F )u,
b ∈ ospq,t(GMG(A),M, F )v and u, v, g, h ∈ G, set w = u+ v. See that
t([a, b]w+g,g)Mw+g,h = t((ab− r(v, u)ba)w+g,g)Mw+g,h
= t(bv+g,g)t(aw+g,g+v)Mw+g,h
−r(v, u)t(au+g,g)t(bw+g,g+u)Mw+g,h
= r(g + v, u)r(g, v)Mg,h+wbh+w,u+hau+h,h
−r(v, u)r(g + u, v)r(g, u)Mg,h+wah+w,v+hbv+h,h,
−r(g, w)Mg,w+h[a, b]w+h,h = −r(g, w)Mg,w+haw+h,v+hbv+h,h
−r(g, w)r(v, u)Mg,w+hbw+h,u+hau+h,h.
Thus [a, b] ∈ ospq,t(GMG(A),M, F )w iff (r(u, v)r(v, u)− 1)Mg,w+haw+h,v+hbv+h,h = 0 for
any g, h ∈ G. ✷
We now consider slq,f(GMG(A), F ) and ospq,t(GMG(A),M, F ) when the bicharacter
r is skew symmetric. In this case, they become Lie color algebras in (FGM, Cr), called
special gm Lie color algebra and ortho-symplectic gm Lie color algebra, respectively.
It is well-known that a Lie color algebra (FGM, Cr) with finitely generated G is related
to a Lie super algebra by [13, Theorem 2]. We now show how the above gm Lie color
algebras are related to Lie superalgebras for any abelian group G.
Let G be an abelian group with a skew symmetric bicharacter r. Set G0¯ = {g ∈ G |
r(g, g) = 1} and G1¯ = {g ∈ G | r(g, g) = −1}. We define a new bicharacter: r0(g, h) = −1
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for g, h ∈ G1¯ and r0(g, h) = 1 otherwise. It is clear that r0 is a bicharacter too. Obviously,
(r0)0 = r0 for any skew symmetric bicharacter r on G. For convenience, let L
s denote the
Lie superalgebra L = L0¯ ⊕ L1¯ for Lie color algebra L in (
FGM, Cr), where L0¯ = ⊕i∈G0¯Li
and L1¯ = ⊕i∈G1¯Li with [x, y] = xy − r0(|y|, |x|)yx for any x ∈ Lg, y ∈ Lh, g, h ∈ G (see
[13, Page 718]).
Let A =
∑
{Aij | i, j ∈ G} = GMG(A) be a generalized matrix algebra. Set Bi¯,j¯ =
∑
g∈Gi¯,h∈Gj¯
Agh for any i¯, j¯ ∈ Z2 and B =
∑
{Bi¯,j¯ | i¯, j¯ ∈ Z2}. We denote the generalized
matrix algebra GMZ2(B) by GMZ2(A
s). For a ∈ GMG(A), if b¯i,j¯ =
∑
g∈Gi¯,h∈Gj¯
agh for any
i¯, j¯ ∈ Z2, then we denote the element b by a
s. When G = Z2 with r(g, h) = (−1)
gh for
any g, h ∈ Z2, we denote trq,f by trs,f and ospq,t by osps,t. We have
Theorem 2.6 (i) slq,f(GMG(A), F )
s = sls,f(GMZ2(A
s), F ).
(ii) ospq,t(GMG(A),M, F )
s = osps,t(GMZ2(A
s),Ms, F ).
Proof. (i) For any a ∈ GMG(A), see that
trq,f(a) =
∑
g∈G0¯
r0(g, g)trq,f(agg) +
∑
g∈G1¯
r0(g, g)trq,f(agg)
= trs,f(a).
This completes the proof of (i).
(ii) For any a ∈ (ospq,t(GMG(A),M, F )
s)0¯ with a ∈ ospq,t(GMG(A),M, F )u and u ∈
G0¯, let i¯, j¯ ∈ Z2 and we see that
t(ai¯,¯i)Mi¯,j¯ =
∑
g,h∈Gi¯,k∈Gj¯
t(agh)Mgk
= −
∑
h∈Gi¯,k∈Gj¯
r0(h, u)Mh,k+uak+u,k
= −Mi¯,j¯aj¯,j¯.
This shows a ∈ osps,t(GMZ2(A
s),Ms, F ). We can similarly prove the others. ✷
In fact, the relations (i) and (ii) above define a G-grading of Lie superalgebras
sls,f(GMZ2(A
s), F ) and osps,t(GMZ2(A
s),Ms, F ), respectively.
We may apply the above results to gl({ng}, F ) with the ordinary quantum trace
trq(a) =
∑
g∈G r(g, g)tr(agg) and the ordinary transpose t(a) = a
′. In this case, slq,f
and ospq,f are denoted by slq and ospq, respectively. We have
Corollary 2.7 (i) (slq(gl({Vg}, F ))
s = sls(V0¯, V1¯, F ).
(ii) (ospqgl({Vg}, F ))
s = osps(V0¯, V1¯,M
s, F ).
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3 Braided m-Lie Algebras in the Yetter-Drinfeld Cat-
egory and Their Representations
In this section, we give another class of braided m-Lie algebras. We shall show that
representations of an algebra A associated to a braided m-Lie algebra L are also represen-
tations of L. Furthermore, we show that if (M,ψ) is a faithful representation of L, then
representations of EndFM are also representations of L.
The category is the Yetter-Drinfeld category (BBYD, C), where B is a finite dimensional
Hopf algebra and C is a braiding with C(x, y) =
∑
(x(−1) · y)⊗x(0) for any x ∈ M, y ∈ N .
We use the Sweedler’s notation for coproducts and comodules, i.e.
∆(a) =
∑
a
a1 ⊗ a2 and ψ(x) =
∑
x
x(−1) ⊗ x(0)
when a ∈ H a coalgebra and x ∈M a left H-comodule.
Lemma 3.1 (see [15, Lemma 2.1 and Lemma 2.3 (iv)])
(i) If (V, αV , φV ) and (W,αW , φW ) are two Yetter-Drinfeld modules over B with dim
B <∞, then HomF (V,W ) is a Yetter-Drinfeld module under the following module opera-
tion and comodule operation: (b ·f)(x) =
∑
b1 ·f(S(b2) ·x) and φ(f) = (S
−1⊗ αˆ)(bB⊗f),
where αˆ is defined by (b∗ · f)(x) =< b∗, x(−1)S(f(x(0))(−1)) >ev (f(x(0)))(0) for any x ∈
V, f ∈ HomF (V,W ), b
∗ ∈ B∗. Here bB denotes a coevoluation and <,>ev an evoluation
of B.
(ii) If (M,αM , φM) is a Yetter-Drinfeld modules over B, EndFM is an algebra in
(BBYD, C)
Proof. (i) It is clear that
∑
f(−1)f(0)(x) =
∑
(f(x(0)))(−1)S
−1(x(−1)) ⊗ (f(x(0)))(0) for
any x ∈ V, f ∈ HomF (V,W ), b ∈ B. Using this, we can show that HomF (V,W ) is a
B-comodule. Similarly, we can show that HomF (V,W ) is a B-module. We now show
∑
(b · f)(−1) ⊗ (b · f)(0) =
∑
b1f(−1)S(b3)⊗ b2 · f(0) (1)
for any f ∈ HomF (V,W ), b ∈ B. For any x ∈ V, see that
∑
(b · f)(−1) ⊗ (b · f)(0)(x) =
∑
b1(f(S(b4)) · x(0))(−1)S(b3)S
−1(x(−1))
⊗b2 · (f(S(b4)) · x(0)(0),
b1f(−1)S(b3)⊗ (b2 · f(0))(x) = b1f(−1)S(b4)⊗ b2 · f(0)((S(b3) · x))
=
∑
b1(f(S(b4) · x(0)))(−1)S(b3)S
−1(x(−1))b5S(b6)
⊗b2 · (f(S(b4) · x(0)))(0)
=
∑
b1(f(S(b4)) · x(0))(−1)S(b3)S
−1(x(−1))
⊗b2 · (f(S(b4)) · x(0))(0).
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Thus (1) holds and HomF (V,W ) is a Yetter-Drinfeld module.
(ii) Let E = EndFM and m denote the multiplication of E. Now we show that m is
a homomorphism of B-comodules. It is sufficient to show
∑
fg
(fg)(−1) ⊗ (fg)(0) =
∑
f,g
f(−1)g(−1) ⊗ f(0)g(0). (2)
for any f, g ∈ E. Indeed, for any x ∈M, see that
∑
fg
(fg)(−1) ⊗ (fg)(0)(x) =
∑
x
(fg(x0))(−1)S
−1(x(−1))⊗ (fg(x0))(0),
∑
f,g
f(−1)g(−1) ⊗ f(0)g(0)(x) =
∑
f,x
f(−1)(g(x(0)))(−1)S
−1(x(−1))⊗ f(0)((g(x(0)))(0))
=
∑
f,x
(f((g(x(0)))(0)))(−1)
S−1((g(x(0)))(0)))(−1)2)(g(x(0)))(−1)1S
−1(x(−1))
⊗(f((g(x(0)))(0)))(0)
= (fg(x(0)))(−1)S
−1(x(−1))⊗ (fg(x(0)))(0).
Thus (2) holds. Similarly, we can show that m is a homomorphism of B-modules. ✷
Example 3.2 Let (M,αM , φM) be a Yetter-Drinfeld modules over B and L a subobject
of E = EndFM . If L is closed under operation [ ] = m−mCL,L, then (L, [ ]) is a braided
m-Lie subalgebra of E−.
By Lemma 3.1, we may define representations of braided m-Lie algebras in the Yetter-
Drinfeld category.
Definition 3.3 Let (L, [ ]) be a braided m-Lie algebra in (BBYD, C). If M is an object
in (BBYD, C) with morphism ψ : L→ EndFM such that ψ is a homomorphism of braided
m-Lie algebras, i.e. ψ[ ] = m(ψ⊗ψ)−m(ψ⊗ψ)CL,L, then (M,ψ) is called a representation
of (L, [ ]).
Obviously, (M,ψ) is a representation of L iff (M,α) is an L-module (see definition 1.7),
where the relation between two operations is α(a, x) = ψ(a)(x) for any a ∈ L, x ∈M .
Proposition 3.4 Let (L, [ ]) be an object in (BBYD, C) with a morphism [ ] : L⊗L→
L. If M is an object in (BBYD, C) with monomorphism ψ : L → EndFM such that
ψ[ ] = m(ψ ⊗ ψ) − m(ψ ⊗ ψ)CL,L, then L is a braided m-Lie algebra and (M,ψ) is a
faithful representation of (L, [ ]).
Proof. By Lemma 3.1 E = EndFM is an algebra in (
B
BYD, C). By Definition 1.1, (L, [ ])
is a braided m-Lie algebra. ✷
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Proposition 3.5 Let (L, [ ]) be a braided m-Lie algebra in (BBYD, C) induced by mul-
tiplication of A through φ.
(i) If (M,ψ) is a representation of algebra A, then (M,ψφ) is a representation of L.
(ii) If (M,ψ) is a representation of braided m-Lie algebra A−, then (M,ψφ) is a
representation of L.
(iii) If (M,ψ) is a faithful representation of L and (N,ϕ) is a representation of algebra
EndFM , then (N,ϕψ) is a representation of L.
Proof. (i) and (ii) follow from Definition 3.3.
(iii) By Lemma 3.1, E = EndFM is an algebra in (
B
BYD, C). Thus L is a braided
m-Lie algebra induced by E through ψ. By Proposition 3.5, we complete the proof. ✷
Let (L, [ ]) be a braided m-Lie subalgebra of the path algebra (F (D, ρ))− with rela-
tions, then a representation (V, f) of D with fσ = 0 for any σ ∈ ρ is also a representation
of L (see [1, Proposition II.1.7]).
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